Abstract Project risk is an uncertain event that causes positive or negative effects on the project objectives in relation to the cost, time, quality and so on to complete the project. Project risk management is the set of processes of identifying, analyzing and responding to project risks. For example, the project risk management includes the process of eliminating the project risks from the project to complete any activities in the project by the specified day. In terms of not only the risk but also the time, many researches have been done. Especially, as for the time, there are many researches on CPM and PERT, which use mathematical techniques. However, few researchers discuss the effectiveness of project risk responses to deal with project risks for making a success of the project. In this paper, we propose a new mathematical model of the project risk responses. And, with our proposing model, we show how to calculate the effectiveness of project risk responses quantitatively. Moreover, we can decide quantitatively which project risk response should be executed by the consequences of the above calculation.
Introduction
As follows, project risk is defined by PMBOK Guide (a Guide to the Project Management Body of Knowledge) [9] presenting a set of standard terminology and guidelines for project management published by PMI (Project management Institute) that is the world's leading association for the project management profession founded in 1969.
Project risk is an uncertain event or condition that, if it occurs, has a positive or negative effect on one or more project objectives such as scope, schedule, cost, and quality. A risk may have one or more causes and, if it occurs, it may have one or more impacts. A cause may be a given or potential requirement, assumption, constraint, or condition that creates the possibility of negative or positive outcomes. By such project risks, some projects end in failure. On the other hand, we consider that some project risks can be controlled and following four strategies of project risk responses (the methods or measures to avoid and/or eliminate the risks' damages) to deal with project risks are presented by PMBOK Guide [9] .
Three strategies, which typically deal with threats or risks that may have negative impacts on project objectives if they occur, are: avoid, transfer, and mitigate. The fourth strategy, accept, can be used for negative risks or threats as well as positive risks or opportunities. Each of these risk response strategies have varied and unique influence on the risk condition. These strategies should be chosen to match the risk's probability and impact on the project's overall objectives. We try to execute appropriate project risk responses in advance to lead the project to success. Project risk management is the set of the management processes that plan and execute the project risk responses to control the project risks to complete the project successfully.
However it is difficult to execute the appropriate project risk responses in the practical project under the existing conditions. That is, in many practical projects, the necessary project risk responses were not executed, so that some projects could not be completed within the periods of the projects and ended in failure. It is one of the reasons why projects end in failure that there are no means to evaluate the effectiveness of project risk responses quantitatively. Hence, the mathematical model is required to indicate the effectiveness of project risk responses.
There were many researchers used the traditional mathematical methods such as CPM or PERT, the project completion period has been studied that is the total number of days from the day that the first activity is started to the day that all activities in the project are completed [6] [7] [8] .
The project completion period can be predicted with the estimations of the periods of all activities in the project. These researches have been providing the information about the project completion periods to lead the project to success for the decision-makers. Moreover, the quantitative researches have been worked about the general risks, not just project risks [5, 10] . However with the information about the project completion period and those probability distributions, the decision-makers cannot choose the best project risk responses to lead the project to success. And, in recent years, Fukuda and his colleagues derive the new results about the effectiveness of the project risk responses in the framework of the project risk management [1] [2] [3] [4] . One of their main results is the probability distribution of the increment of the project completion periods caused by the project risks. The probability distribution is calculated with the estimations of the occurring probabilities and the consequences of the project risks, under the condition that all project risks which make effects on the project completion period can be identified. Still more the effects on the project completion periods by the project risk responses have not been studied yet by the quantitative researches about project risk management. Therefore there is a pressing need to give the decision-makers the effective information to choose the project risk responses appropriately.
Basic Concepts of Project Risk Management
In this section, we briefly review project, project risk, project risk management and project risk response.
First, project is the set of ordered activities and these activities have the periods to complete them. Project completion period is the total number of days from the day that the first activity is started to the day that all activities are completed. Each project has the target date and if the project can be completed before the target date, we consider the project ends in success and if it cannot, we consider it ends in failure.
Next, project risk is an event that causes the periods of some activities in the project longer than they were planned. Followings are some examples of project risks presented by PMBOK Guide [9] .
For example, causes could include the requirement of an environmental permit to do work, or having limited personnel assigned to design the project. The risk is that the permitting agency may take longer than planned to issue a permit; or, in the case of an opportunity, additional development personnel may become available who can participate in design, and they can be assigned to the project. If either of these uncertain events occurs, there may be an impact on the project, scope, cost, schedule, quality, or performance. If a project risk occurs and the periods of some activities are increased, there are cases that the project completion period is increased and the project ends in failure. Therefore the project risk is an uncertain event that causes the negative effects on the project completion period and the consequence of the project if it occurs in this paper. The probability of a project risk means the likelihood that the project risk will occur in the project and the consequence of a project risk or the number of delay days means the amount of increment of the project completion period if the project risk occurs.
Project risk management means the whole process to manage project risks that cause negative effects on the project objectives. For example, it means the process to eliminate identified project risks from the project to complete the project by the target date set in advance.
We assume that we can control the probabilities and the consequences of some project risks with the appropriate project risk responses in advance. Project risk response means such kind of actions to control the probabilities and the consequences of project risks. Project risk management includes the series of processes to identify the project risks that make effects on the consequence of the project, determine the appropriate project risk responses and execute them. In this paper, we particularly focus on the project risk responses which control the number of delay days caused by some project risks.
The Mathematical Model of Project Risk Responses 3.1. The definition of project risk
In the practical project, a project risk might be intricately interrelated to the other project risks. So, it is very difficult to define practical project risks exactly. Then, we stand on the position that no project risk interact with the others. Project risk is defined as follows. Definition 3.1. Let (Ω, F, P) be the following probability space.
(1) We say r is project risk whose probability is p and cost is C, if the following two functions S and C : Ω → R exist.
And the project risk r is denoted by r = ⟨S, p, C⟩. (2) The probability space (Ω, F, P) is called the probability space associated with the project risk r and the probability measure P is called the probability measure associated with the project risk r. In the following discussions, we consider that the cost C of the project risk r is the number of delay days d > 0 that is the consequence of the project risk r, we regard C as d and represent r = ⟨S, p, C⟩ as r = ⟨S, p, d⟩. Furthermore, we represent the project risk whose probability is p and cost is C by the project risk r as an abbreviation.
We represent the K project risks by
. . , K and the probability space associated with each project risk by (Ω k , F k , P k ). And the set of indexes is denoted by U = {1, 2, . . . , K}.
A risk scenario that represents the occurrences of each project risk is defined in the following definition.
k project risks and (Ω, F, P) be the direct product probability space of the probability spaces (Ω k , F k , P k ) associated with each project risk r k .
(1) The probability space (Ω, F, P) is called a probability space associated with a set of the project risks
We say the following random variable S on (Ω, F, P) is a risk scenario of the set of project risks R U for any ω = (ω 1 , . . . , ω K ) ∈ Ω.
S(ω)
= ( S 1 (ω 1 ), . . . , S K (ω K ) ) ∈ {0, 1} K .
Remark 3.1. P(S = ℓ) is given by the following expression for any
The definition of a structure of project risks is given as follows. Definition 3.3. Let (Ω, F, P) be the probability space associated with the set of project risks
. . , d K ) is called a risk impact vector of the set of project risks R U
where
is a structure of the set of project risks R U .
The definition of project
Project is defined in the following definition.
be its structure of project risks and let G = (V, E) be the directed graph with the source s ∈ V and the sink t ∈ V where each (i, j) ∈ E has the capacity u ij > 0.
(1) We say P =
is a project with the delay limit L ≥ 0. (2) Each edge of G = (V, E) is called an activity and the capacity of each activity is called an activity duration.
The number of delay days is defined in the following definition.
) be a project with the delay limit
) is called the number of delay days with the set of project risks R U where · represents the canonical inner product.
We express the project P =
succeeds in the condition of X U ≤ L and it fails in the condition of X U > L.
The above definitions give the general mathematical model for a project. However, we focus our discussion on a project that has only one activity in this paper.
The effectiveness of project risk responses
As shown in the previous sections, it is considered that we can avoid some project risks or decrease those magnitude of the negative effects with the appropriate project risk responses in the practical projects. In this section, we define a division of a structure of project risks to classify the project risks that are controlled by project risk responses and the project risks that are not controlled.
Let T ⊆ U be the set of indexes of the project risks that are controlled by project risk responses and set T = {1, . . . , m} (m < K) for the sake of simplicity. (Ω T , F T , P T ) represents the probability space associated with the set of project risks . . . , S m ) represents the risk scenario and d T = (d 1 , . . . , d m ) represents the risk impact vector. In the same way, (Ω U \T , F U \T , P U \T ) represents the probability space associated with the set of project risks
. . , S K ) represents the risk scenario and d U \T = (d m+1 , . . . , d K ) represents the risk impact vector.
Furthermore, let X T = S T · d T be the number of delay days by the set of project risks R T , X U \T = S U \T · d U \T be the number of delay days by the set of project risks R U \T . Then X U \T represents the number of delay days of the project after the project risk responses have been executed and the set of project risks R T has been eliminated from the project.
It is supposed that X U = X T +X U \T is valid where X U , X T and X U \T are the numbers of delay days for each set of project risks R U , R T and R U \T . However, it is not valid because those random variables are defined on the different probability spaces.
Then let the random variables X T and
And we similarly regard X T and X U \T as X T and X U \T if necessary. X T and X U \T are the independent random variables here.
The effectiveness of the project risk responses to avoid the set of project risks R T is represented as
of which the delay limit is L ≥ 0. From P(X U ≤ L) has been known, the quantitative effectiveness of the project risk responses can be evaluated with P(X U \T ≤ L). Theorem 3.1. If P(X U ≤ x) and P(X T = x) are known for any x, P(X U \T ≤ L) can be calculated by the following equations.
. . .
P(X U = x), P(X T = x) and P(X U \T = x) represent the probability distribution of the number of delay days with no project risk response, the probability distribution of the number of delay days caused by the set of project risks R T and the probability distribution of the number of delay days with the project risk responses that eliminate the set of project risks R T from the project respectively.
Proof. By their definitions,
and, for any positive integer x,
because X T and X U \T are independent random variables on the probability space (Ω, F, P). And P( X T = 0) > 0 because 0 < p k < 1 for any k = 1, 2, · · · , K. Therefore, for x = 0
.
We can regard X T and X U \T as X T and X U \T .
From Theorem 3.1, we can calculate the probability distribution of the increment of the project completion period caused by the project risks after the executions of the project risk responses. In practical project management, we calculate the probability distribution of the project completion period without any project risk responses by the Monte Carlo simulation with the estimations of the period of the activities in the project [9] .
Numerical Example
In this section we illustrate that the appropriate project risk responses can be selected by the forecast of the probability distribution of the number of delay days with the project risk responses by using Theorem 3.1.
The probabilities and the number of delay days of the project risks in the project are shown in the table 1 and the delay limit of the project L = 20. The project risk responses can eliminate the project risk r 1 or r 2 from the project and we can choose r 1 , r 2 or both of them to be eliminated from the project by the project risk responses. And we want to minimize the number of project risks to be eliminated under the condition that the success probability of the project is greater than or equal to 80%, that is P(X U \T ≤ L) ≥ 0.8.
The probability distribution of the number of delay days with no project risk responses is shown below. Additional project risk responses should be done, because P(X U ≤ L) = 0.69 < 0.8. Figure 1 : The probability distribution of the number of delay days with no project risk responses
We calculate the number of delay days under the condition that the project risk r 1 is eliminated from the project by the project risk responses using Theorem 3.1. Additional project risk responses should be done, because P(X U \T ≤ L) = 0.74 < 0.8.
Number of delay days 
Conclusions
In this paper, we derived the probability distribution of the number of delay days caused by the project risks after the executions of the project risk responses. It was calculated with the probability distribution of the number of delay days without any project risk responses and the probabilities/consequences of the project risks that would be eliminated from the project by the project risk responses. Besides, we showed the effectiveness of project risk responses was given quantitatively, using the probability distribution of the number of delay days after the executions of the project risk responses. This quantitative information about project risk responses make the decision-makers choose the appropriate project risk responses to lead the project to success.
